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Abstract
We extend Padmanabhan’s entropy functional formalism to show that, in addition to
the Gauss-Bonnet or the entire series of Lanczos-Lovelock Lagrangians already obtained,
more general higher-order corrections to General Relativity, i.e., the so-called modified
gravity theories, also emerge naturally from this formalism. This extension shows that
the formalism constitutes a valuable tool to investigate, at each order in the curvature,
the possible structure the higher-order modified gravity theories might have. As an
application, the extended formalism is used to evaluate the horizon entropy in a modified
gravity theory of the second-order in the curvature. Our findings are in agreement with
previous results from the literature.
PACS numbers: 04.50.-h, 04.70.Dy, 83.10.Ff.
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1 Introduction
Recently, it became increasingly clear that there is a real need for a modified theory of gravity,
and much insight regarding the possible ways to modify General Relativity, as well as the
advantages of doing so, has been gained (see e.g. the reviews [1]). The simplest modification
is the so-called scalar-tensor orF(φ,R)-modified gravity theories [2, 3]. In this class of theories,
no scalar other than those formed from the Ricci scalar R and an independent scalar field φ
intervenes 1. However, fundamental approaches like string theory [5], or the study of curved
spacetime quantum field theory [6], had already imposed specific higher-order corrections to
General Relativity. The most familiar correction, second-order in the curvature, being the
Gauss-Bonnet (GB) topological invariant R2GB coupled to a dilaton/modulus field [7]. It was
∗fayhammad@gmail.com
1see e.g. [4] for a more recent model belonging to this class of modified gravity and its applications for
cosmology.
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extensively used in the study of black holes [8], as well as the early expansion of the Universe
[9] and its late time expansion [10].
Nevertheless, it turned out that constructing a general scalar-Gauss-Bonnet Lagrangian
might also explain the actually observed features of our Universe, such as dark energy [11],
as well as to find alternative origins to the early inflation [12]. In addition, an interesting
combination of a functional of the Ricci scalar with a scalar-Gauss-Bonnet term is investigated
in [13] and interesting consequences of a general functional of the GB invariant for cosmology
can be found in [14]. What’s more, some authors have also shown the possibility, and the
advantages for cosmology, of adding to the Einstein-Hilbert action a functional of the three
quadratic terms contained in the GB invariant, each taken with a different weight [15].
The study of the thermodynamics of spacetime, on the other hand, turned out to be a
valuable tool for the investigation of its dynamics as well. Indeed, it turned out that one is
able to use thermodynamics to re-derive General Relativity itself [16]. In fact, it was even
suggested that Newton’s laws [17] as well as the cosmic expansion [18] might be explained out
using entropic arguments.
In fact, by constructing an entropy functional, T. Padmanabhan has also been able to re-
derive the field equations of General Relativity [19]. In [20], it was found that when the latter
formalism is coupled with a generalized four-dimensional elasticity theory, both the early and
the late time expansions of the Universe might be accounted for. In Padmanabhan’s formalism,
one takes the macroscopic deformations of spacetime to be a manifestation of its microscopic
’structure’ and introduces a vector field to represent these deformations. One then associates
to this deformation, or displacement, vector field, in analogy with elasticity theory of classical
three-dimensional media, an entropy functional. In [21, 22], it was shown that demanding
that a given precise structure of the entropy functional be extremal in this vector field is
sufficient to recover the field equations of the entire series of Lanczos-Lovelock Lagrangians
[23], in which General Relativity appears at the first order and the GB Lagrangian appears
at the second order.
In [24], an extended entropy functional formalism was introduced to include spacetimes
with torsion. It was shown there that demanding that the extended functional be extremal in
the displacement vector field is sufficient to recover the Cartan-Sciama-Kibble field equations
of Einstein-Cartan gravity.
In the present paper, we extend further the latter formalism and show that more general
higher-order modified gravity theories (we shall not include torsion in this paper, however)
are recovered when demanding that the functional be extremal. The formalism imposes spe-
cific corrections to be brought to the Einstein-Hilbert action at each order in the curvature,
narrowing thereby the range of possibilities one might think of.
This paper is organized as follows. In Sec. 2, we recall, for later reference, separately the
field equations of F(φ,R)-modified gravity as well as of modified gravity with correction terms
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quadratic in the curvature. In Sec. 3, we show how F(φ,R)-modified gravity emerges from
a simple extension of the entropy functional formalism. In Sec. 4, we argue how consistency
in the formalism does not allow to have only F(φ,R) theories not containing other curvature
invariants built from the Ricci and the Riemann tensors. We then motivate and construct
the entropy functional at the zeroth order in the Newton’s constant GN , from which the field
equations of a modified gravity of a second-order in the curvature emerge. The gravitational
Lagrangian of the corresponding modified gravity is found. An outline of the procedure for
dealing with higher-order corrections is given in Sec. 5. The calculation of a black hole entropy
using this extended formalism is exposed in Sec. 6. Section 7 is devoted to a detailed discussion
of the differences and the similarities our extended formalism has compared with the original
entropy functional formalism of Padmanabhan et al. and to highlight new subtle features
pertaining to the former. We end this paper with a brief summary and discussion section.
2 Some modified gravity formalism
In this section we recall, for later reference, the actions and the field equations of well-known
modified gravity theories that we shall recover in the subsequent sections. We will be using,
throughout the paper, units where ~ = c = kB = 1, where kB is the Boltzmann constant.
We begin with the scalar-tensor gravity theories in which the gravitational sector is given
by a functional F(φ,R), where F is a regular but otherwise arbitrary functional of the Ricci
scalar R and an independent scalar field φ [2, 3]:
S =
∫
d4x
√−g [F(φ,R) + Lmatter] , (1)
where Lmatter = L(gµν , ψ) is the Lagrangian of the matter fields ψ. The equations of motion
when varying the action with respect to the scalar field and the metric are, respectively,
δF
δφ
= 0,
Tµν =
∂F
∂R
Rµν − 1
2
gµνF −∇µ∇ν ∂F
∂R
+ gµν✷
∂F
∂R
, (2)
where ✷ is the d’Alambertian covariant operator. Note that here we assume, as is usually
done in the literature, that the field φ does not couple directly to matter, but only through
its non-minimal coupling with geometry.
Another well-known family of modified gravity theories is the Gauss-Bonnet fourth-order
gravity [3]. In this family, one uses the Gauss-Bonnet invariant R2GB = R2 − 4RµνRµν +
RµνρσR
µνρσ. At this order in the curvature, however, this particular combination of the
quadratic invariants does not exhaust all the possible scalars one might construct. Indeed,
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it is possible to have arbitrary algebraic combinations of the previous three quadratic invari-
ants inside the GB term, each weighted with a different spacetime-dependent factor, and not
excluding also terms of the form ∂µφ∂µR and ✷R. Therefore, a general action principle one
might write down at the second order in the curvature is of the form
S =
∫
d4x
√−g [F(φ,R, P,Q) + Lmatter] , (3)
where F is a regular, but arbitrary, functional of the scalars φ, R, P ≡ RµνRµν , and Q ≡
RµνρσR
µνρσ. Note that elsewhere nonlocal terms such as R✷−1R are not excluded [1]. Here,
however, we restrict ourselves to local terms but we will come back to this issue later. The
equations of motion one obtains from this action are
δF
δφ
= 0,
Tµν = gµν
[
−1
2
F +✷FR +∇ρ∇σ (RρσFP )
]
+RµνFR + 2RµρRρµFP −∇µ∇νFR
+ 2RµρστRν
ρστFQ − 2∇ρ∇(µ
[
Rρν)FP
]
+✷ (RµνFP )− 4∇ρ∇σ
[
Rµ(ρσ)νFQ
]
, (4)
where, as it will be the convention throughout this paper, indices inside round brackets mean
a symmetrization with ’weight 1’ in those indices, whereas indices inside square brackets mean
an antisymmetrization with ’weight 1’ in those indices. Also, for notational convenience, we
have denoted, as is customary, FR ≡ ∂F/∂R, FP ≡ ∂F/∂P and FQ ≡ ∂F/∂Q.
3 F(φ,R)-modified gravity
The basic idea behind the entropy functional formalism [19], as recalled in the introduction,
is to associate to spacetime a displacement vector field uµ(x) such that v¯µ = vµ + uµ(x),
where v¯µ and vµ are coordinate labels of spacetime events after and before the deformation,
respectively, and then construct the corresponding entropy functional. The functional should
be a scalar quadratic in the field uµ as well as its first derivatives, in order not to get more than
second-order differential equations of motion for the field uµ. Furthermore, in order to obtain
linear differential equations of motion, the functional must not contain more than quadratic
terms in the field. The precise form of each term inside the functional is then dictated by an
analogy with elasticity theory of three-dimensional media. Matter in this formalism is viewed
as a defect that spoils translational invariance in the field uµ, a fact that translates inside the
functional into a coupling of the energy-momentum tensor of matter with two components
of the field uµ. To this term, one may add [25] another possible term proportional to uµu
µ
that can be interpreted as a background-dependent ’potential energy’ of the field uµ. For the
terms quadratic in the derivatives, one allows for every possible contraction of two derivatives
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∇µuν among themselves. Based on these arguments, the functional started with in [25] had
the following form,
S =
∫
V
d4x
√−g
[
A∇µuν∇νuµ +B∇µuν∇µuν + C (∇µuµ)2 + (λgµν + Tµν) uµuν
]
, (5)
where V is the spacetime region under study. A, B, and C were three constants, and λ an
arbitrary spacetime-dependent scalar. It was found in [25] that in order for this functional to
be extremal for every displacement field uµ, one must impose the constraints, A = −C and
B = 0. Then A was chosen to be 1/8piGN , where GN is Newton’s constant, in order to recover
the newtonian limit of General Relativity. λ was found to be given by 2λ = AR − 2Λ where
R is the Ricci scalar and Λ an integration constant, interpreted, in accordance with Ref. [19],
as a cosmological constant.
Now, as a first generalization of this functional, we simply relax the assumption made from
the outset that the three factors A, B and C are all constant. Namely, we just let these be,
more naturally, spacetime-dependent, that is, scalar fields. An analogy with three-dimensional
elasticity theory would be to allow for position- and time-dependent elastic constants [26] and
kinetic components.
The second generalization will be, as in [24], the allowance to have terms of the form
uµ∇νuρ in the functional, but exclude higher products of the vector uµ and higher-order
derivatives in order for the functional to yield at most second-order linear differential equations
of motion for the field uµ. In [24], these additional terms were motivated by the possibility
of coupling the field uµ with spin-angular momentum tensor Σµνρ of matter with intrinsic
spin, since the main assumption of the whole entropy functional approach consists in viewing
matter as defaults within the spacetime continuum that breaks translational invariance in the
displacement vector field uµ. Here, we introduce the uµ∇νuρ terms, even in the absence of
matter with intrinsic spin, by making the natural assumption that translational invariance
may also be broken whenever a scalar field with a non-vanishing gradient arises within the
spacetime continuum. To make an analogy with continuum mechanics, it is the appearance
of vortices somewhere inside a fluid whenever a gradient of a flow is present (see e.g. [27]).
Therefore, this analogy also suggests that even the gradients of scalar fields pertaining to the
medium itself might contribute to this coupling. In the case of spacetime, the Ricci scalar is
the simplest scalar that could be built from the background geometry. Another possibility is
to have an additional scalar field, usually called φ, that pertains to the geometry of spacetime
but is independent of its metric or curvature.
Yet, another possible interpretation of these additional terms would be the allowance of
’friction’ terms to contribute inside the functional. Indeed, when varying the functional with
respect to vector field uµ, one formally obtains, thanks to these additional terms, equations of
motion of the form a∂2u+ b∂u+ cu = 0. The coefficient b is interpreted in classical mechanics
as being responsible for the existence of friction. In fluid mechanics, it gives rise to the fluid’s
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viscosity and may also be due to thermal conduction [27]. In our case, that coefficient comes
from the presence of scalar field gradients, whence their suggested friction interpretation.
All this amounts then to assume that in this generalized functional the term uµ∇νuρ should
also couple with the gradient of scalar fields built from the geometry of the medium such as
the Ricci scalar R, and/or an independent scalar field φ. Hence, the resulting general form of
the extended entropy functional will be
S =
∫
V
d4x
√−g
[
(Agµσgνρ +Bgµρgνσ + Cgµνgρσ)∇µuν∇ρuσ
+ (D,µgνρ + E,νgµρ + F,ρgµν) u
µ∇νuρ + (λgµν + Tµν) uµuν
]
, (6)
where A,..., F are all scalar functionals of the Ricci scalar R and/or an additional scalar field
φ, and their derivatives. For notational convenience, a comma in front of a letter will denote
throughout the paper a covariant derivative. Also, in this paper we shall restrict ourselves
to a single independent scalar field φ but the approach may readily be generalized to include
multiplets of scalar fields.
Now, we would like to make the following important remark before we proceed further. By
dimensional analysis, we know that if we take the vector field uµ, as well as the scalar field φ,
to be both dimensionless, in order for the entropy functional to be dimensionless too, we must
divide or multiply each of the above terms by the necessary powers of Newton’s constant GN
so as to cancel the dimensions brought by each of the above scalar functionals. For instance,
if one chooses the scalar A to be constant, as it was done in [25], one needs to have a factor
proportional to 1/GN in front of the first term ∇µuν∇ρuσ, since the latter has the dimensions
of (length)−2, in order to cancel the dimension (length)4 of the volume element d4x
√−g. If,
on the other hand, one allows to have positive powers of the Ricci scalar and/or the scalar
field φ and their derivatives inside the scalar functionals, one would have inside the entropy
integral terms proportional to positive powers of GN . Hence, the precise form of these scalar
functionals one chooses actually determines the order of approximation in powers of GN one
wishes to achieved inside the entropy integral. Accordingly, as we shall see below, fixing the
approximation level inside the entropy functional determines precisely the equations of motion
one obtains for the spacetime background and, thereby, the required corrections to bring to
the Einstein-Hilbert action at that level.
Varying the functional (6) with respect to the field uµ, with vanishing variations on the
boundaries, and then integrating by parts gives
δS =
∫
V
d4x
√−g
[
− (2A,σgνρ + 2B,ρgνσ + 2C,νgρσ −D,νgρσ − F,σgνρ +D,σgρν + F,νgρσ)∇ρuσ
− 2 (A∇µ∇νuµ +B✷uν + C∇ν∇µuµ)
+ (2λgµν + 2Tµν −D,µν − gµν✷E − F,µν)uµ
]
δuν . (7)
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Then, the condition δS = 0 for all variations δuµ implies the vanishing of everything that
is inside the square brackets of (7). This fact, in turn, becomes possible without having to
impose any constraint on the field uµ if, a priori, the content of each of the parentheses inside
the square brackets vanishes separately. The vanishing of the first parenthesis gives
gνρ(2A+D − F ),σ + gρσ(2C + F −D),ν + 2gνσB,ρ = 0, (8)
which is identically satisfied if 2A + D − F = const, 2C + F − D = const and 2B = const.
This result actually turns the initial constraint of having all three parentheses inside integral
(7) vanish separately into a weaker condition. Indeed, the first and the second term of the
second parenthesis of (7) may yield a single linear term in the vector field uµ provided that
C = −A, for then one might use the identity, 2∇[ν∇µ]uν = Rµνuν , to get rid of the derivatives.
This allows the content of the third parenthesis to be fused with that of the second one just
by adding the term −2ARµν to the former. Thus, the necessary and sufficient condition is to
have, besides 2A+D − F = const, the following single constraint
2λgµν + 2Tµν −D,µν − gµν✷E − F,µν − 2ARµν = 0. (9)
Finally, the remaining term B✷uν in the second parenthesis implies that B is actually a
vanishing constant. Next, substituting for D in (9) the value F − 2A + const, deduced from
the constraint obtained above, yields
2Tµν = 2ARµν − 2A,µν + 2F,µν + gµν✷E − 2λgµν . (10)
Taking the four-divergence of the latter equation and using the conservation equation
∇µTµν = 0 of the energy-momentum tensor of matter, we obtain
0 = 2RµνF,µ + (✷[2F − 2A+ E]− 2λ),ν + AR,ν , (11)
where we have used ∇µRµν = 12∇νR, as well as the fact that ✷∇µf = Rµν∇µf +∇ν✷f for
every scalar f , in order to transform the resulting third-order differential equation into a com-
bination of gradients. Since the above equation, in which intervene only geometric quantities
inside the scalars A, E, F , and λ, must be satisfied without introducing any constraints other
than the Bianchi identities, each category of terms must vanish separately. The factor mul-
tiplying the Ricci tensor should vanish identically, implying that F = const. But since only
the gradient of the scalar F appears inside the entropy integral, this condition is equivalent
to simply having F = 0. The vanishing of the remainder of the right-hand side of (11) then
yields
δ
δφ
(2✷A−✷E + 2λ) = 0,
∂
∂R
(2✷A−✷E + 2λ) = A. (12)
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Therefore, due to the extremality requirement δS = 0 for every vector uµ, not all the scalar
functionals we started with are independent, and some of them need not even appear inside
the entropy functional.
From the remark made below integral (6), it follows that it is at this point that a given
F(φ,R)-modified gravity theory will result from the formalism after one chooses the approx-
imation level one wishes to achieve inside the entropy integral.
Indeed, restraining oneself for example to the approximation level G−1N , the scalar func-
tionals A and E may only depend on φ, while the scalar λ, since it appears multiplied simply
by the field uµ but not its derivatives, may depend on φ, its second derivative, and contain
one positive power of R. Therefore, the second partial differential equation in (12) integrates
to 2✷A − ✷E + 2λ = A(φ)R − 2Λ(φ), for some functional Λ(φ). The first equation of (12)
then implies that RδA(φ)/δφ = 2δΛ(φ)/δφ. Substituting these results into (10), the latter
simply reads
Tµν = A(φ)
(
Rµν − 1
2
gµνR
)
+ gµνΛ(φ)−∇µ∇νA(φ) + gµν✷A(φ). (13)
This represents the usual set of Einstein’s field equations with a scalar field-dependent grav-
itational constant and a cosmological constant Λ(φ), in which the scalar field φ satisfies the
equation of motion RδA(φ)/δφ = 2δΛ(φ)/δφ. For the special case A(φ) = φ, one recovers
the Brans-Dicke field equations, where Λ(φ) plays the role of the Brans-Dicke’s scalar field
potential [2], whereas the case A(φ) = const gives back General Relativity with an ordinary
scalar field φ, provided that the constant A is identified with 1/8piGN . Thus, at the order G
−1
N ,
one simply recovers either the usual General Relativity or the latter, non-minimally coupled
to a scalar field φ.
If, on the other hand, one allows to go up to the G0N -th approximation order inside (6), one
would have to allow the functionals A and E to depend not only on φ, but also on R and on
the derivatives of φ up to the second order. As for λ, not being coupled to derivatives of the
vector uµ, it may contain φ, R2, as well as their derivatives, up to the second order for R and
up to the fourth order for φ. Hence, terms such as ✷R and ∂µφ∂µR may also appear. Note
that this power counting does not exclude the appearance of the term R✷−1R, yielding what
is called non-local modified gravity theories [3]. We will elaborate more on to this remark in
the last section.
More generally, we see by power counting that any chosen order in GN will impose a limit
on the powers and the number of derivatives ofR, as well as the number of derivatives of φ, that
one may include inside the scalars A(φ,R) and E(φ,R). Integrating again the second partial
differential equation in (12) with these general cases, we find 2✷A−✷E+2λ = F(φ,R), such
that A = ∂F/∂R. The first equation of (12) then implies that δF(φ,R)/δφ = 0. Substituting
these results into (10), we get exactly the complete set of field equations in (2), i.e., F(φ,R)-
modified gravity theories.
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Before extending this formalism further in the next section, we would like to make the
following remark that reveals a key element of this whole extension procedure of the entropy
functional formalism. If we haven’t allowed the scalar λ to depend on a field φ and haven’t
introduced inside the entropy functional the additional hybrid terms u∇u, which is equivalent
to having chosen the three scalars D, E, and F all constant such that their gradients vanish,
the above algebraic relations relating these scalars to A would have given also a constant value
for the latter, as well as a fixed integration constant Λ for the second differential equation in
(12). It is then clear that in this extended formalism, functionals of the curvature scalar R
and the scalar φ arise as corrections to the Hilbert action thanks to the additional coupling
of ’currents’ inside the medium with the term u∇u; these ’currents’ being the gradients of
scalars belonging to the spacetime medium.
4 More general second-order corrections
In this section, we shall examine how a further generalization of the functional (6) permits
to obtain specific modified gravity theories of a second-order in the curvature. Up to now,
we have allowed contractions of the gradients u∇u only with the background metric tensor.
It is however unnatural to exclude contractions with the Riemann or the Ricci tensors which
are also built from the background geometry. Further, we have up to now allowed the scalar
functionals inside the integral (6) to be functionals only of the Ricci scalar R, and/or an
independent scalar field φ and their derivatives. As it is well-known, however, one can build
scalar fields also from contractions of the Ricci tensor Rµν and the Riemann tensor Rµνρσ
among themselves. The most famous scalar built this way being the Gauss-Bonnet topological
invariant R2GB. Actually, in this formalism it would appear simply unnatural to include, at a
given approximation in powers of GN , higher powers of R without also including products of
the Riemann and the Ricci tensors. But, if one allows the contribution of scalars built from
contractions of such tensors inside the entropy functional, one should also, for the sake of
consistency, allow the contribution of those tensors un-contracted among themselves, as well
as their gradients, as it follows from our discussion in the third paragraph below integral (5).
The procedure might then be much more involved than what has been done in the previous
section. For this reason, we shall first examine in what follows the symmetries that the most
general form of the entropy integral should possess and the constraints to be imposed on its
components, in order to facilitate their detailed construction later.
Let us first write down the most general entropy integral that includes the ’friction’ terms
u∇u:
S =
∫
V
d4x
√−g
(
Φµνρσ∇µuν∇ρuσ +Ψµνρuµ∇νuρ +Πµνuµuν
)
. (14)
9
We note, first of all, that the structure of the last term implies that the tensor Πµν should
be symmetric, whereas the first term implies that the tensor Φµνρσ should be constructed
with the following symmetry, Φµνρσ = Φρσµν . Next, varying (14) with respect to u
µ and then
demanding that δS = 0 for any variation δuµ, vanishing on the boundaries, yields
(−2∇νΦνµρσ +Ψµρσ −Ψσρµ)∇ρuσ − 2Φνµρσ∇ν∇ρuσ + (2Πµν −∇ρΨνρµ) uν = 0. (15)
As with the case discussed in the previous section, it is sufficient for the the above equation to
be satisfied, without imposing any constraint on the vector field uµ, to have the content of the
first and the last parenthesis, as well as the tensor Φµνρσ, vanish identically and separately. A
weaker constraint, however, may be obtained when the tensor Φµνρσ possesses the following
antisymmetry, Φµνρσ = −Φρνµσ . Indeed, in that case, the second derivative of the vector field
uν in the above second-order differential equation transforms into a linear algebraic term in
the vector field thanks to the identity 2∇[µ∇ν]uρ = Rρσµνuσ. The term then combines with
the content of the last parenthesis and we are left only with the requirement that the content
of the two parentheses independently and identically vanish. This translates thereby into the
following two differential equations
2∇νΦνµρσ −Ψµρσ +Ψσρµ = 0,
2Πµν −∇ρΨνρµ −RντσρΦρµστ = 0. (16)
Now that we have obtained the necessary and sufficient requirements to have an extremal
entropy for every displacement vector field uµ, we shall build the tensors Φµνρσ, Ψµνρ, and Πµν
whose general forms will be subject to the above symmetries and the constraints (16). It is at
this point that one should decide about the order of approximation in GN one wishes to include
inside the entropy functional before building those tensors. However, including the Riemann
tensor Rµνρσ as well as the Ricci tensor Rµν , presupposes that the minimum approximation
level one wishes to achieve inside the functional is already greater than or equals G0N . In this
section, we shall restrict ourselves to this order. But the pattern one should follow to obtain
higher-order approximations should be clear and will be outlined in Sec. 5.
At this level of approximation, one should not allow in the tensor Φµνρσ the appearance
of terms containing more than one Riemann tensor Rµνρσ or more than one Ricci tensor Rµν .
Likewise, Ψµνρ should not contain more than three derivatives. Then, we may, at most, only
include all the possible contractions of Rµνρσ as well as Rµνgρσ with ∇µuν∇ρuσ. We should
also construct from these tensors and their gradients, as well as gradients of other scalar
functionals, all possible objects with three indices to be contracted with uµ∇νuρ. However,
as with the passage from integral (5) to its generalized version (6), one should allow, for
completeness, each of the coupled terms to be weighted by a scalar field instead of putting
a mere constant. Then, putting a hat above the scalars that have already been used in the
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construction (6), the most general tensors we could build are of the following form
Πµν = λˆgµν + Tµν , (17)
Φµνρσ = Aˆ (gµσgνρ − gµνgρσ) + A (Rµνρσ − Rρνµσ)
+ a (Rµνgρσ +Rρσgµν −Rνρgµσ − Rµσgνρ) , (18)
Ψµνρ = B,σR
σ
µνρ + C,σR
σ
νµρ +
(
D,σR
σ
µ + Dˆ,µ
)
gνρ
+
(
E,σR
σ
ν + Eˆ,ν
)
gµρ +
(
F,σR
σ
ρ + Fˆ,ρ
)
gµν
+ I,ρRµν + J,νRρµ +K,µRνρ + LR
σ
µνρ,σ +MR
σ
νµρ,σ, (19)
where a, A, ..., M are new scalar functionals to be determined, while Tµν is, as before, the
energy-momentum tensor of matter. Note, first, that we put in front of A a combination of
two Riemann tensors instead of one to highlight its similarities with Aˆ. Note, in addition,
that all the previous terms from which emerged F(φ,R)-gravity are reintroduced here with a
hat in order to keep track of the role of each additional term at each level of the construction.
This will help us recognize the general pattern behind the whole approach as will be discussed
in Sec. 5.
Also, one might actually still suspect at this order possible additional terms to be added
to the tensor Ψµνρ; terms such as a third-order derivative of a scalar or the gradient of the
Ricci tensor. Using the second contracted Bianchi identity, however, the last two terms inside
Ψµνρ can in fact be brought to a combination of the derivatives Rµν,ρ. In addition, the first
two terms, where the gradients of B and C are contracted with the Riemann tensor, may be
written as third-order derivatives of these scalars. Similarly, adding any derivatives of scalars
inside Πµν or inside Φµνρσ will be equivalent to just renaming one of the scalars or gradients
already contained inside Ψµνρ, as it follows, respectively, from the first and last parenthesis in
(15). The forms (17)-(19) contain thereby the most general non-redundant terms one might
include inside the entropy integral.
Now since the Riemann and the Ricci tensors already have the dimensions of (lenght)−2,
the functionals A and a must both be dimensionless, otherwise the approximation level inside
the entropy functional would be greater than G0N . Likewise, since the tensor Ψµνρ is multiplied
by one derivative of the field uµ, the functionals B, ..., M may only depend on the scalar field
φ but not on its derivatives or on the Ricci scalar R. In contrast, the hatted functionals Aˆ,
Dˆ, Eˆ, and Fˆ may contain not only the field φ but also its derivatives up to the second order,
as well as the Ricci scalar R.
As we did in the previous section, we shall use the extremality constraints (16) to find a
relation between all these functionals and then deduce their general forms. Substituting the
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above expressions of Φµνρσ and Ψµνρ into the first constraint of (16), we learn that our scalar
functionals must satisfy the following differential equations
Rµρ (K − I − 2a),ν +Rσµρν (2A− B − 2C),σ +Rρν,µ (2A+ 2a− L− 2M)
+
([
2Aˆ+ Dˆ − Fˆ +✷(2a+ F −D)]
,ν
− aR,ν −✷ [2a+ F −D],ν
)
gµρ
− {µ↔ ν} = 0, (20)
where {µ ↔ ν} means the same sum as before but with the indicated indices everywhere
interchanged. In deriving the above equation, we have used the first Bianchi identity Rµ[νρσ] =
0, the contracted second Bianchi identity ∇νRνµρσ = 2∇[ρR|µ|σ], as well as Rσρµν∇ρf =
2∇[µ∇ν]∇σf , valid for any scalar f .
Before examining this equation, we turn to the second constraint in (16). First, since
the left-hand side contains both parities, we shall demand that the anti-symmetric and
the symmetric parts vanish separately. Extracting first the anti-symmetric part, that reads
∇ρΨνρµ +RντσρΦρµστ − {µ↔ ν} = 0, we find that
1
2
R,ν (I −K),µ +Rρν (D − F + I −K),µρ +Rρν,µ (2C +B +D − F − L− 2M),ρ
− {µ↔ ν} = 0. (21)
In writing the above equation, we have used again the above Bianchi identities, the symmetry
properties of the Riemann tensor, and the identity ∇µRµν = 12∇νR.
Now, both differential equations (20) and (21) must be satisfied for any spacetime since the
chosen form of the scalar functionals must be valid for any background geometry, regardless of
its dynamics. Therefore, each factor in front of the different categories of tensors constituting
the sums in these constraints must vanish identically and separately. Beginning with the
identity (21), we see that the vanishing of the factor multiplying R,ν imposes to have I −
K = const. But, since both scalars appear differentiated once inside the tensor Ψµνρ, this is
equivalent to having I = K. With this, the vanishing of the factor in front of Rρν implies that
D − F = const which, in turn, is equivalent to D = F because again only gradients of these
scalars are relevant inside the tensor Ψµνρ. All that remains from (21) then, is the following
algebraic constraint
2C +B − L− 2M = const, (22)
where const is an arbitrary constant of integration that may be put to zero as we will see
below. Going back now to (20), we first see that the vanishing of the factor multiplying Rµρ
implies, since we already have K = I, that a = const. Furthermore, the vanishing of the
factors in front of Rσµρν and Rρν,µ yields, respectively,
2A− B − 2C = const,
2A+ 2a− L− 2M = 0, (23)
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where we have introduced another arbitrary integration constant that will be determined
below. Finally, the remainder of (20) gives the following first-order differential equation:
(2Aˆ+ Dˆ − Fˆ ),ν = aR,ν . Given that a is found to be constant, this integrates to
2Aˆ(φ,R) = aR −
(
Dˆ − Fˆ
)
(φ,R), (24)
where we have indicated explicitly the eventual dependence of the hatted scalars upon the
Ricci scalar R and a scalar field φ, and we have absorbed any integration constant inside Dˆ
and Fˆ since both only appear differentiated inside the tensor Ψµνρ. With these preliminary
results at hand, we may go back now to the second equation in (16) and extract its symmetric
part. The following field equations then result:
2Tµν = Rµν,ρ(B + J + L)
,ρ + L✷Rµν − LRνρ,µρ
+Rρ(µ,ν)(2D −B − L),ρ + 2Rρ(µ(D + I),ν)ρ
+ gµν(✷Eˆ + E,ρσR
ρσ +
1
2
E,ρR,ρ − 2λˆ)
+ (Dˆ + Fˆ ),µν + I,(µR,ν) +Rµν(2Aˆ+✷J)
− 2aRρµRρν +Rµρνσ(B,ρσ − 2aRρσ)− ARµρστRνρστ . (25)
Al that remains now, is to apply to this equality the conservation equation of the energy-
momentum tensor of matter. After using the fact that a is constant and that ∇ρ∇µRνρ =
∇ρ∇νRµρ, as well as the above mentioned Bianchi identities, we find,
1
2
R,µ
µI,ν − 1
2
R,ν
µ (D + I),µ +R
ρµ
(
D + I
)
,νρµ
+
1
2
Rρµ,ν
(
2D +B − L
),µρ
+Rνσµρ
(
2A+B
),ρσµ
+
1
2
Rµν,ρ
(
4D + 2J + L− B + 2I
),µρ
+
1
2
Rµν,ρ
µ
(
2D + 2J +B − L
),ρ
+
1
2
Rρν,µ
µ
(
2D − B + L
),ρ
+Rµν,ρ
ρµ
(
2A+ 2a+ L
)
− Rρν,µρµ
(
2A+ 2a+ L
)
+Rρν
([
2Aˆ+ Dˆ + Fˆ +✷J
],ρ − aR,ρ +✷[D + I],σ)
+
(
✷[Dˆ + Eˆ + Fˆ ] + E,µρR
µρ +
1
2
R,µE
,µ − 2λˆ
)
,ν
+
1
2
(R,µ[D + 2I]
,µ),ν +
(1
2
✷[J + I] + Aˆ
)
R,ν
− a (RρµRρµ),ν −
1
4
A (RµρστR
µρστ ),ν = 0. (26)
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In rearranging the terms to achieve the above expression, we have also used the identity
Rµρ∇µRρν = 12∇ν (RρµRρµ) +Rρσ∇µRµρσν .
A reasoning similar to that conducted in the paragraph below equation (21) implies that,
except for the last three rows, each factor contracting each category of curvature tensors in
each row should vanish independently in (26). Beginning with the first term in the first row,
we learn that I = const, but since this scalar appears inside the entropy integral differentiated
once, the constant is meaningless and the result is equivalent to I = 0. The vanishing of
the factor contracting R,ν
µ in the same row also implies that D + I = const, but since only
the gradient of D is relevant, this is equivalent to having D = 0. This, in turn, makes the
remaining terms of that row vanish identically.
Next, the independently vanishing factors contracting the tensors Rρµ,ν and Rµν,ρ in the
second and the third row imply that B − L = const and 2J + L − B = const, respectively,
imposing thereby to have J = const. Again, since J is differentiated inside the entropy
integral, this is equivalent to having J = 0. Hence, B = L + const. Given that only the
gradient of B matters, this is equivalent to B = L. Consequently, both contracting factors in
front of Rµν,ρ
µ and Rρν,µ
µ in the fourth and the fifth row, respectively, automatically vanish.
Furthermore, with B = L the constraint (22) gives C =M , where the constant of integration
obtained there is absorbed inside the scalar C since only the gradient of the latter is relevant.
With these results, the vanishing of the sixth row in (26) yields a single constraint, namely
A = −a − L/2. This, together with the second constraint in (23), imply that L = −M .
Altogether then, we have B = −C = −M = L and A = −a +M/2. Referring to the first
constraint in (23), we learn that the constant of integration there is nothing else than −2a,
which is thus the only arbitrary constant that arises from the whole formalism.
All that remains then in (26) is the seventh row, as well as the whole content of the last
three rows. The vanishing of the former gives, after setting D = I = J = 0, the following
differential equation, (2Aˆ+ Dˆ + Fˆ ),ν = aR,ν , which integrates to
2Aˆ(φ,R) = aR−
(
Dˆ + Fˆ
)
(φ,R). (27)
Comparison with (24), reveals that Fˆ = const, which is equivalent to Fˆ = 0 since once again
only the gradient of this scalar is relevant inside the entropy integral. Finally, the vanishing
of the content of the last three rows of (26) gives
(
2λˆ− ✷[Dˆ + Eˆ]−RρµE,ρµ − 1
2
R,µE
,µ
)
,ν
= AˆR,ν − a (RρµRρµ),ν −
A
4
(RµρστR
µρστ ),ν . (28)
Setting the content of the parenthesis in the left-hand side of this equation equal to F , where
F is a scalar functional of the scalars φ, R, P , and Q, we learn that
δF
δφ
= 0,
∂F
∂R
= Aˆ,
∂F
∂P
= −a, ∂F
∂Q
= −A
4
. (29)
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From the argument made in the second paragraph below (19) we know that the scalar Dˆ may
contain, at most, one positive power of R. Therefore, writing Aˆ = aR/2 − Dˆ/2 as it follows
from (27) and the fact that A = −a+M/2, the last three partial differential equations in (29)
may be integrated to give
F = a
4
R2GB +M(φ)RµνρσRµνρσ +D(φ,R) + U(φ). (30)
Here, R2GB is the Gauss-Bonnet invariant, M(φ) = −18M(φ), the functional D(φ,R) is at
most quadratic in R and given by −1
2
∫
Dˆ(φ,R)dR, whereas U(φ) is some functional only of
φ and its derivatives up to the second order.
Now from the last three identities in (29) it follows that the relations A = −a+M/2 and
Aˆ = aR/2−Dˆ/2 also readM = −8FQ−2FP and Dˆ = −RFP −2FR, respectively. Therefore,
substituting these into the field equations (25), and using the fact that D = I = J = Fˆ = 0
and B = −C = −M = L, we obtain
Tµν = gµν [−1
2
F +✷FR + 1
2
FP✷R] +RµνFR
+ 2RρµR
ρ
νFP + 2RµρστRνρστFQ −FR,µν
+ FP✷Rµν − 4RµρσνFQ,ρσ + 8Rµν,ρFQ,ρ
+ 4FQ✷Rµν − 4Rµρ,νρFP − 8Rρ(µ,ν)FQ,ρ
− 2Rµρ,νρFP . (31)
In writing the above equation we have used the identity RρσRµρσν = ∇ρ∇νRµρ − 12∇µ∇νR−
RµρR
ρ
ν , thanks to which certain terms combine among themselves while others cancel each
other. Now, referring to the field equations (4) it becomes evident, after recalling that FP is
constant in our case and using also the identity ∇ρ∇σRµρσν = ∇ρ∇µRνρ − ✷Rµν , that (31),
together with the result δF/δφ = 0, are nothing but the field equations of an F(φ,R, P,Q)-
modified gravity, where the functional F is given by (30).
From this result, it follows that the extended entropy functional formalism developed here
implies that, contrary to what one might expect, at the second order in the curvature the
terms ✷R and ∂µφ∂µR do not arise inside the gravitational action. Furthermore, one does not
even obtain a scalar-Gauss-Bonnet gravity, but the pure GB term plus a scalar field coupled
to the Ricci scalar R and its square R2, as well as a coupling between the scalar field and the
Kretschmann scalar RµνρσR
µνρσ. The latter appears specifically in the effective action of the
heterotic-type I strings (see e.g. [28] for a discussion of the relevance of the latter coupling
in the AdS5 supergravity). The functional U(φ) in (30) would then simply contain the scalar
field’s potential as well as its kinetic energy terms.
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5 Towards higher-order corrections
As we saw in Sec. (3), F(φ,R)-modified gravity wouldn’t have been possible to obtain from
the entropy functional had we restrained the latter to contain couplings between the metric
tensor gµν and the quadratic terms (∇u)2 weighted only by constant multiplicative factors.
Indeed, as we discussed in the last paragraph of Sec. 3, the scalar field gradients wouldn’t
also appear and no coupling with the hybrid terms u∇u would have arisen. It is because of
these latter terms that one can go from General Relativity to an F(φ,R)-modified gravity,
and from the Gauss-Bonnet gravity to an F(φ,R,Q)-Gauss-Bonnet gravity as we saw in the
preceding section. The same pattern actually repeats itself each time one attempts to achieve
higher-order approximations inside the entropy integral (14).
One begins by introducing, in accordance with the desired order of approximation, the right
number of contracted Riemann and Ricci tensors to couple with the quadratic terms (∇u)2.
One then weights each term with a spacetime-dependent factor, that is, a scalar functional
of the curvature tensors, the scalars R, P , Q,..., and/or an independent scalar field and their
derivatives. At each new order, thanks to the symmetries of the tensor Φµνρσ, the latter keeps
growing in the number of the Riemann and the Ricci tensors it contains, giving rise to the
corresponding Lanczos-Lovelock Lagrangians as already found and exposed in detail in [21].
However, because of the hybrid terms u∇u, the scalar functionals weighting each term may
not all be constants. Therefore, when going to higher-order approximations inside the integral
(14), one will recover the entire series of Lanczos-Lovelock Lagrangians but accompanied at
each order in the curvature with specific additional terms featuring non-minimal couplings of
the scalar field with the background’s geometric tensors. The precise structure of each term
would be dictated by the constraints (16). In fact, at each level, one just recovers the structure
that appeared in the previous level (the terms denoted with a hat, as we saw) plus higher
products of the Riemann and Ricci tensors and their derivatives.
While we have not yet elaborated a general procedure for a systematic investigation of
the higher orders in the curvature (which will be attempted in a separate paper), one might
already expect to recover each order of the Lanczos-Lovelock Lagrangian augmented with
non-trivial couplings between specific curvature tensors and the field φ.
From this discussion, it appears then that this approach becomes limitless and helps obtain
the precise modifications necessary to be brought to the Einstein-Hilbert action at a given
order in the curvature, just by including the relevant orders in G inside the entropy functional.
6 Block hole entropy in the extended formalism
Now that we found what structure the quadratic curvature corrections must possess within
the framework of this extended entropy functional formalism, the next natural task is to apply
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the resulting extremal functional (called the ’on-shell’ entropy [19, 21]) to analyze the entropy
of black holes in the induced modified gravity theories. So let us first go back to integral (14)
and perform an integration by parts, taking into account the constraints (16), that is, the
extremalization conditions. We find the following general ’on-shell’ functional
S =
∫
∂V
d3x
√
|h|nµ
(
Φµνρσu
ν∇ρuσ + 1
2
Ψνµρu
νuρ
)
, (32)
where h is the determinant of the induced three-metric on the boundary ∂V. This result will
be valid at any order in the curvature achieved inside the tensors Φµνρσ and Ψµνρ.
The general procedure for dealing with Killing horizons using the entropy functional for-
malism is explained in [19, 21, 22], and a detailed calculation using the local Rindler frame
can be found there. So, here we shall just briefly give an outline of the approach and then
apply it to integral (32).
When using spherical coordinates, the procedure consists in choosing first a static spherical
symmetric metric ds2 = −f(r)dt2+dr2/f(r)+r2dΩ2, where dΩ2 = dθ2+sin2 θdφ2, and f(r) is
a smooth function such that f(rH) = 0; making the surface r = rH a Killing horizon H. Next,
one identifies the displacement vector field uµ with the unit space-like normal to the surfaces
r = const. Hence, one chooses the vector uµ to be uµ = (0,
√
f(r), 0, 0) = nµ. Further, when
performing the time integral one restricts the time variable to the range [0, 2pi/κ], i.e., one
integrates over a periodic time, where κ = 1
2
∂rf |H is the surface gravity at the Killing horizon
r = rH. Finally, one must insert these ingredients inside the entropy integral and take the
limit r → rH at the very end of the calculation.
Substituting the above chosen expression for uµ and computing the covariant derivative
∇ρuσ using the above spherical metric, we get, after making use of the antisymmetry Φµνρσ =
−Φρνµσ,
S = lim
r→rH
∫ 2pi/κ
0
dt
∫
dθdφ
(∂rf
2
Φ0110 +
f
r
Φ2112 +
f
r
Φ3113 +
f
2
Ψ111
)
r2f sin θ. (33)
From (18) and (19), we find for i = 0, 2, 3, respectively,
Φi11i =
Aˆ
f
+ ARi11i − a
f
R11 − a
f
Rii,
Ψ111 =
1
f
(
∂rDˆ + ∂rEˆ +R
1
1∂rE
)
. (34)
Computation of the components Ri11i of the Riemann tensor and R
i
i of the Ricci tensor
corresponding to our spherical symmetric metric gives the following values
R0110 =
∂2rf
2f
, R2112 = R
3
113 =
∂rf
2rf
,
R00 = R
1
1 = −∂
2
rf
2
− ∂rf
r
, R22 = R
3
3 =
1
r2
− f
r2
− ∂rf
r
.
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Inserting these values in (34) reveals that all the terms inside the parenthesis in integral (33)
have a finite limit at r → rH except for the term Φ0110, in which f appears in some of its
denominators. Indeed, writing Aˆ and A in terms of the functionals D andM appearing inside
the expression of F in (30) as
Aˆ =
1
2
aR +
∂D
∂R
, A = −a− 4M, (35)
we find from the first identity in (34) that
Φ0110 = − a
r2
+
a
r2f
+
1
f
∂D
∂R
− 2M∂
2
rf
f
. (36)
Inserting this into (33) and taking the limit r → rH, gives
S = 2piA
(
a
r2H
+
∂D
∂R
∣∣∣
H
− 2M∂2rf
∣∣∣
H
)
, (37)
where A is the surface area of the horizon and the subscript H means that the corresponding
quantities are evaluated on the horizon.
First of all, we note that when setting a = M = 0 and D = R/8piGN , we satisfactorily
recover exactly the black hole entropy S = A/4GN of General Relativity. Actually, in this
special case the scalar Aˆ becomes the constant 1/8piGN , as it follows from (35), whereas all
the other terms in the expressions (18) and (19) vanish. The entropy functional (14) reduces
thereby to the form (5), with B = 0 and A = −C = const = 1/8piGN there, which, as we
saw, yields Einstein’s field equations.
On the other hand, the first term of the more general case (37) is what one obtains
for the black hole entropy in a Gauss-Bonnet gravity. See e.g., [29] where the result was
obtained using the Noether charge method [30], and [31] where the Carlip method [32] was
used. The second term in (37) is just the contribution to the black hole entropy in a D(φ,R)-
modified gravity; see e.g., [33] where the result was obtained using the Noether charge method.
The third term represents then the separate contribution to the black hole’s entropy of the
Kretschmann scalar. In the next section we will discuss in more detail this coincidence in the
results obtained from our approach with those obtained in the literature from the Noether
charge method using Wald’s entropy.
7 The new features in the extended formalism
The original entropy functional formalism introduced by Padmanabhan et al. was based on
the crucial insight [22, 34] that the field equations 2Gµν = Tµν of any invariant theory L under
the diffeomorphism xµ → xµ + uµ, where
Gµν = ∂L
∂Rµρσδ
Rνρσδ −
1
2
Lgµν − 2∇ρ∇σ ∂L
∂Rµρσν
, (38)
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can be obtained by demanding that the integral − ∫ d4x√−g(2Gµν − Tµν)nµnν be extremal
for all null vector fields nµ. Thus, by performing an integration by parts on the term Gµν
after using (38), the approach amounts to imposing an extremality condition on the following
integral [21, 22]
−4
∫
d4x
√−g[Pµνρσ∇ρnµ∇σnν + (∇σPµνρσ)nν∇ρnµ + (∇ρ∇σPµρσν − Tµν
4
)nµnν
]
, (39)
where Pµνρσ = ∂L/∂Rµνρσ . On the other hand, it was shown in Refs. [21, 22] that the latter
integral provides an elegant physical interpretation when spacetime is viewed as a continuous
elastic medium subject to the deformation uµ; it would simply represent the entropy of null
surfaces expressed in terms of the coarse grained degrees of freedom of spacetime that underlies
the microscopic degrees of freedom of the latter. Therefore, since Wald’s horizon entropy for
any diffeomorphism invariant theory is 2pi/κ times the Noether charge associated with diffeo-
morphism invariance and produced by the Noether current flux density nµJ µ = 2nµnνGµν [30],
this approach provides a novel variational principle for gravity deeply rooted in thermody-
namics. Indeed, the above integral measures simply the balance between the gravitational
entropy current density 2piJ µ/κ and the matter entropy current density 2piT µνnν/κ across a
horizon whose null normal is nµ [21, 22]. It is this relation to Wald’s entropy that makes it
possible to recover within Padmanabhan’s entropy functional formalism the same results one
obtains when using the Noether charge method.
In our present extended formalism, however, we have generalized the approach further by
keeping only the basic idea that consists in extremizing an entropy functional in accordance
with the second principle of thermodynamics, as well as the interpretation of the field uµ inside
the functional as a displacement vector field. Indeed, in contrast to (39), we did not choose
or rely on any a priori structure of the two functionals Φµνρσ and Ψµνρ appearing inside our
entropy integral (14). Instead, we found the structures of these functionals from the variational
principle itself by demanding that the latter be satisfied for any displacement vector field uµ.
It is precisely this last point that makes our approach capable – thanks to the system (16)
– of imposing nontrivial constraints on the structure of the higher-order modified gravity
theories one might build from the formalism. In fact, as it was also shown in Refs. [26, 34],
when one generalizes the approach by choosing right from the outset the structure (39) for
the entropy functional 2, one merely recovers the general form of the equations of motion of
a diffeomorphism invariant theory. Indeed, when performing an integration by parts inside
integral (39) with a null vector field nµ, the integral becomes (up to a term proportional to
gµνn
µnν inside the first parentheses [26, 34])
−
∫
V
d4V
(
2PµρσδRνρσδ − 4∇ρ∇σPµρσν − T µν
)
nµnν − 4
∫
∂V
d3ΣσPµνρσnν∇ρnµ, (40)
2This choice was justified in Ref.[26] by invoking an interesting analogy with the free energy of continuous
media in which one encounters varying elastic and piezoelectric ’constants’, and electric permittivity.
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where d4V is the invariant four-volume element, whereas d3Σσ is the three-surface element
whose normal is in the direction nσ. This latter expression clearly displays the general struc-
ture of the field equations of diffeomorphism invariant theories, that would emerge from the
bulk whenever (40) is varied with respect to nµ, plus a boundary term which provides the
same entropy of horizons one finds when using Wald’s entropy (see, however, Ref. [26] for an
elaborate analysis on this last point).
In the light of the above discussion, the fact that the black hole entropy we found using
formula (32), deduced from our extended formalism (14), coincides with the result one obtains
using Wald’s entropy might thereby appear as a mere coincidence. In what follows, however,
we will see that this is far from being a coincidence because it actually has a deeper origin.
In order to expose more clearly the relation our approach bears with Wald’s entropy, we will
use our previous results for Φµνρσ and Ψµνρ at the second-order approximation in the curvature
to rewrite our ’on-shell’ entropy formula (32) in terms of the tensor Pµνρσ; the latter being
given within the conventions used in Sec. 2 by ∂F/2∂Rµνρσ . First, substituting identities (29)
together with M = −8FQ − 2FP , Dˆ = −RFP − 2FR, D = F = I = J = K = Fˆ = 0 and
B = −C = −M = L into (18) and (19), we find, respectively,
Φµνρσ = FR (gµσgνρ − gµνgρσ) + 4FQRρµνσ −FP (Rµνgρσ −Rνρgµσ +Rρσgµν − Rµσgνρ) , (41)
Ψµνρ = ∇σ
[
(8FQ + 2FP )Rσρνµ
]− gνρ∇µ (RFP + 2FR) + gµρ
(
Rσν∇σE +∇νEˆ
)
. (42)
On the other hand, from expression (30) of the Lagrangian functional F(φ,R, P,Q) we ob-
tained in Sec. 4, we also easily deduce the following expression for the tensor Pµνρσ:
Pµνρσ = ∂F
2∂Rµνρσ
=
1
4
FR (gµρgνσ − gµσgνρ) + FQRµνρσ
+
1
4
FP (Rµρgνσ − Rνρgµσ +Rνσgµρ −Rµσgνρ) . (43)
Hence, comparing (41) and (43) we learn that Φµνρσ = −4Pµρνσ = −4Pσνρµ, where the last
equality comes from the symmetries of the Riemann tensor. As for the tensor Ψµνρ, we see by
comparing (42) and (43) that it has no such simple expression in terms of the tensor Pµνρσ.
Therefore, our ’on-shell’ entropy integral (32) may, sufficiently for our purposes, be written in
terms of the tensor Pµνρσ as follows
S =
∫
∂V
d3x
√
|h|nµ
(
−4Pσνρµuν∇ρuσ + 1
2
Ψνµρu
νuρ
)
. (44)
The first term inside the parentheses in this integral has the same structure as the integrand
of the surface contribution in (40) found using the formalism (39), whereas the second term
inside the parentheses did not appear in the latter formalism. As we discussed it in Sec. 5
and at the end of Sec. 3, though, it is thanks to this additional term that one might recover
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the more general modified gravity theories. Furthermore, as we saw in Sec. 6, when one
evaluates (44) on the horizon, in which case the space-like displacement vector field normal to
the stretched horizon [21, 22, 26] becomes the null normal to the true horizon, one is indeed
left only with the first term which then coincides perfectly with the boundary term of (40).
Hence, we now see exactly why Wald’s entropy is recovered from our extended formalism.
Wald’s approach is recovered as a necessary built-in package that accompanies the equations
of motion of every diffeomorphism invariant theory that emerges from the new variational
principle. In other words, instead of starting from the celebrated relation between thermody-
namics of horizons and the Noether charge of diffeomorphism invariant theories, our formalism
gives naturally rise to diffeomorphism invariant theories for the spacetime background and si-
multaneously supplies us with the right horizon thermodynamics these theories would provide
through the Noether charge associated with their diffeomorphism invariance. All this comes
out from the single requirement that the functional be extremal for every configuration of the
displacement vector field uµ.
Finally, another peculiar feature worth discussing here is the following. It is well-known
in classical mechanics that, whenever friction is present in a system, the equations of motion
of the latter are not invariant under time-reversal. Therefore, having ’friction’ terms inside
the entropy functional would suggest at first sight that the equations of motion one would
obtain for the emerging gravity would also not be invariant under time-reversal. However, as
we saw in Sec. 4, the field equations obtained are invariant under time-reversal as are those
of any diffeomorphism invariant theory of gravity. The reason for this goes back to the fact,
already stressed in [19, 21, 22], that the variational principle used here is not intended to
find the equations of motion of the displacement vector field uµ, as it is done in standard
continuum mechanics, but rather to impose constraints on the background geometry of the
medium for arbitrary configurations of the displacement vector field uµ. What one finds then
are equations of motion for the background metric of spacetime that are indeed invariant under
time-reversal. A good analogy here would be to invoke the fact that although the equations
governing the individual atoms and molecules inside a fluid are invariant under time-reversal,
their collective behavior translates into the macroscopic phenomenon of friction which exhibits
non-invariance under time-reversal. Thus, although the extended entropy formalism exhibits
irreversibility, when used to find out the dynamics of spacetime, it yields equations that are
invariant under time-reversal.
8 Summary and discussion
The aim of this work was to examine the possibility of extending the entropy functional for-
malism to obtain, besides the Lanczos-Lovelocke theories, other known extensions of General
21
Relativity. In so doing, we saw that it is possible to recover every F(φ,R)-modified gravity
theory but only specific second-order corrections in the curvature. The gravitational La-
grangian at this order is given by the functional (30). As we saw, however, the construction of
the entropy integral implies that adopting an F(φ,R)-gravity without including the Riemann
and the Ricci tensors is unnatural within this approach.
This extended entropy functional formalism shows that the whole approach may in fact be
used as a tool to explore the higher-curvature modifications to General Relativity. The whole
approach is simply based on general covariance, the conservation of the energy-momentum
tensor of matter, and some physical concepts borrowed from the physics of continuous media.
The calculations are straightforward and may thereby easily be extend further to include
spacetimes with torsion and recover the so-called F(T )-modified gravity (see e.g. [35] for the
relevance of the latter to cosmology). This would generalize the construction made in [24] to
yield specific modifications to Einstein-Cartan gravity.
As mentioned in Sec. 3, we would like to note again that the power counting used in
the approach does not exclude having at each order of approximation terms of the form
R✷−kR. These terms would give rise to what is known as nonlocal gravity [1]. Doing so,
however, would also bring nonlocal terms inside the entropy integral. Hence, in order to
achieve nonlocal gravity from our approach, one must first provide a justification for including
nonlocal couplings with the displacement field uµ inside its corresponding entropy.
As it already emerged from the works of Padmanabhan et al., the entropy functional
approach has also the merit of shedding more light on the holographic nature of gravity
and the thermodynamics of null surfaces. In addition, as we saw, even black hole entropy
in modified gravity came out right in the extended formalism. Furthermore, although in
the latter, one does not impose any a priori constraint on the different parts constituting the
entropy functional, one is remarkably led, thanks to the variational principle alone, to the same
structure one obtains using Wald’s approach based on the Noether charge of diffeomorphism
invariant theories. Therefore, being of a thermodynamical origin, this formalism may be
taken as a fundamental paradigm when it comes to searching for higher-energy corrections
to General Relativity. In this sense, the power-counting in Newton’s constant GN used here
inside the entropy functional would be the analogue of an α′-expansion in string theory.
Finally, with all its attractive features, this extended formalism is only intended as a macro-
scopic approximation of the ’real’ microscopic nature of spacetime. The approach still needs
indeed a quantum mechanical input in order to find the structure of each of the non-vanishing
scalar functionals left unspecified inside the entropy functional. However, this feature only
makes the approach even more interesting since it indicates exactly how the quantum nature
of spacetime might manifest itself through the entropy functional.
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